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a b s t r a c t
The fuzzy hypermodule notion is introduced and studied. Subfuzzy structures of such
a notion as well as homomorphism between fuzzy hypermodules and fuzzy quotient
hypermodules are analyzed.
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1. Introduction
Hypergroups, were introduced about 70 years ago by a Frenchmathematician,Marty, at the VIII Congress of Scandinavian
Mathematicians (see [1]). Nowadays, hyperstructures have a lot of applications to several domains of mathematics and
computer science (see [2–4]) and they are studied in many countries of Europe, America and Asia. On the other hand,
many researchers are engaged in extending the concepts of abstract algebra to the framework of the fuzzy setting (see
for instance [5,6]).
The study of fuzzy hyperstructures is an interesting research topic of fuzzy sets. A hyperoperation assigns to every pair of
elements ofH anonempty subset ofH , while a fuzzyhyperoperation assigns to every pair of elements ofH anonzero fuzzy set
onH . This ideawas introduced by Corsini and Tofan [7] and then studied byKehagias, Konstantinidou and Serafimidis [8–10],
for the interesting properties obtained in connections with an important hyperstructure, called join space. More recently,
Sen, Ameri and Chowdhury introduced and analyzed fuzzy semihypergroups in [11]. The fuzzy hyperring notion is defined
and studied in [12]. In the current paper, we wish to extend this study to fuzzy hypermodules. There are other two
types of connections between fuzzy sets and hyperstructures. One group of papers studies crisp hyperoperations defined
through fuzzy sets. This study was initiated by Corsini in [13,14] and then continued by him together with Leoreanu
in [15,16], by Leoreanu in [17], and others. Another group of papers concerns the fuzzy hyperalgebras. This is a direct
extension of the concept of fuzzy algebras (fuzzy (sub)groups, fuzzy lattices, fuzzy rings etc. This approach can be extended
to fuzzy hypergroups. For example, given a crisp hypergroup (X,+) and a fuzzy set µ, then we say that µ is a fuzzy
(sub)hypergroupof (X,+) if every cut ofµ, sayµt , is a (crisp) subhypergroupof (X,+). Thiswas initiated by Zahedi et al. [18]
and continued by Davvaz [19,20], Davvaz and Corsini [21].
In this paper we define and study the fuzzy hypermodule notion and connections with hypermodules. We consider
and study the subfuzzy structures of such a notion, homomorphism between fuzzy hypermodules and fuzzy quotient
hypermodules.
Fuzzy algebraic structures, in particular, fuzzy lattices and join hyperoperations have been used in several engineering
and computer science applications [22–24]. The results of this work may in future prove useful in similar applications.
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2. Preliminaries
We shall recall some notions and basic results about hyperstructures (see [25] or [2]) that we shall use in the
following paragraphs.
Let H be a nonempty set and let P ∗(H) be the set of all nonempty subsets of H . A hyperoperation on H is a map
◦ : H × H −→ P ∗(H) and the couple (H, ◦) is called a hypergroupoid.
If A and B are nonempty subsets of H , then we denote
A ◦ B =
⋃
a∈A, b∈B
a ◦ b, x ◦ A = {x} ◦ A and A ◦ x = A ◦ {x}.
A hypergroupoid (H, ◦) is called a semihypergroup if for all x, y, z of H we have (x ◦ y) ◦ z = x ◦ (y ◦ z), which means that⋃
u∈x◦y




An element e of H is called an identity (scalar identity) of (H, ◦) if for all a ∈ H , we have a ∈ (e ◦ a) ∩ (a ◦ e),
({a} = (e ◦ a) ∩ (a ◦ e)).
We say that a semihypergroup (H, ◦) is a hypergroup if for all x ∈ H , we have x ◦ H = H ◦ x = H.
A subhypergroup (K , ◦) of (H, ◦) is a nonempty set K , such that for all k ∈ K , we have k ◦ K = K ◦ k = K .
Let (H1, ◦1) and (H2, ◦2) be two semihypergroups. A map f : H1 −→ H2 is called a semihypergroup homomorphism if for
all x, y of H1, we have
f (x ◦1 y) ⊆ f (x) ◦2 f (y).
There are several kinds of hyperrings and hypermodules that can be defined on a nonempty set. In what follows, we shall
consider some of the most general types of hyperrings and hypermodules.
Definition 2.1. The triple (R,+, ·) is a hyperring if:
(i) (R,+) is a commutative hypergroup;
(ii) (R, ·) is a semihypergroup;
(iii) the hyperoperation ‘‘·’’ is distributive over the hyperoperation ‘‘+’’, which means that for all r, s, t of R we have:
r(s+ t) = rs+ rt and (r + s)t = rt + st.
Definition 2.2. Let (R,unionmulti, ◦) be a hyperring. A nonempty set M , endowed with two hyperoperations ⊕, is called a left
hypermodule over (R,unionmulti, ◦) if the following conditions hold:
(1) (M,⊕) is a commutative hypergroup;
(2)  : R×M −→ P ∗(M) is such that for all a, b ofM and r, s of Rwe have
(i) r  (a⊕ b) = (r  a)⊕ (r  b);
(ii) (r unionmulti s) a = (r  a)⊕ (s a);
(iii) (r ◦ s) a = r  (s a).
If both (R,unionmulti) and (M,⊕) have scalar identities, denoted by 0R and 0M , then the hypermodule (M,⊕,) also satisfies
the condition:
for all a ofM , we have 0R  a = 0M .
Moreover, if (R, ◦) has an identity, denoted by 1, then the hypermodule (M,⊕,) is called unitary if it satisfies the
condition:
for all a ofM , we have 1 a = a.
In what follows, we consider only left hypermodules, that we shall simply call hypermodules.
It is natural to speak now about homomorphism of hypermodules.
Definition 2.3. Let (M1,+1, ·1) and (M2,+2, ·2) be two hypermodules over a hyperring (R,unionmulti, ◦). A map f : M1 −→ M2
is called a hypermodule homomorphism if for all x, y ofM1 and all r of R we have f (x +1 y) ⊆ f (x) +2 f (y) and f (r ·1 x) ⊆
r ·2 f (x).
Let us see now what subhypermodules are.
Definition 2.4. A nonempty subset M ′ of M is called a subhypermodule of the hypermodule (M,+, ·) if (M ′,+) is a
subhypergroup of (M,+) and RM ′ ⊆ P ∗(M ′).
Let us give an example of a hypermodule. Many other examples of hypermodules can be found in [25].
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Example. Let (R,+, ·) be a unitary ring and G be a subgroup of the semigroup (R, ·), which satisfies the condition: for all
a, b of R, we have aGbG = abG. Let (M,+, ·) be an R-module and we define the following equivalence relation onM:
xρy⇔ ∃t ∈ G : x = yt .
Let us consider the next hyperoperation onM/R:
x¯⊕ y¯ = {w¯ ∈ M/ρ | w¯ ⊆ x¯+ y¯}.
Then (M/ρ,⊕) is a hypergroup. Denote by R/G the quotient hyperring. If for all r¯ ∈ R/G and all x¯ ∈ M/ρ, we define
r¯  x¯ = r¯a, thenM/ρ is a unitary hypermodule.
Now, we recall what regular and strongly regular relations are.
Let (H, ◦) be a hypergroupoid.
If {A, B} ⊆ P ∗(H) and ρ is an equivalence relation on H , then we denote A ρ¯ B if
∀a ∈ A, ∃ b ∈ B, such that a ρ b and
∀b ∈ A, ∃ a ∈ A, such that a ρ b.
We denote A
=
ρ B if ∀a ∈ A, ∀b ∈ Bwe have a ρ b.
Definition 2.5. An equivalence relation ρ on H is called regular (strongly regular) if for all a, a′, b, b′ of H , the
following implication holds:
a ρ b and a′ ρ b′ imply (a ◦ a′) ρ¯ (b ◦ b′)
(a ρ b and a′ ρ b′ imply (a ◦ a′) =ρ (b ◦ b′) respectively)
Clearly, any strongly regular relation is a regular relation. Regular and strongly regular relations are important in order
to study the quotient structures, as the following theorems show.
Theorem 2.1 ([25]). Let (H, ◦) be a semihypergroup and let ρ be an equivalence relation on H. The following statements hold:
(1) If ρ is regular, then the hyperproduct x¯⊗ y¯ = {z¯ | z ∈ x ◦ y} defines a semihypergroup structure on H/ρ;
(2) If (H/ρ,⊗) is a semihypergroup, then ρ is regular;
(3) If (H, ◦) is a hypergroup, then (H/ρ,⊗) is a hypergroup if and only if ρ is regular.
Let us see now what regular relations on hyperrings and hypermodules are.
If (R,+, ·) is a hyperring, then we say that ρ is regular on the hyperring R, if ρ is regular with respect to both ‘‘+’’ and ‘‘·’’.
If (M,+, ·) is a hypermodule over a hyperring (R,+, ·), then we say that ρ is regular on the hypermodule M , if ρ is regular
with respect to+ and if a ρ b and r is an arbitrary element of R, then we have (ra) ρ¯ (rb).
Theorem 2.2. Let (M,+, ·) be a hypermodule over a hyperring (R,+, ·) and let ρ be an equivalence relation on M. The
following statements hold:
(1) If ρ is regular on M, then the hyperoperations defined as follows:
for all x¯, y¯ of M/ρ and for all r of R, we have x¯ ∗ y¯ = {z¯ | z ∈ x + y} and r©y¯ = {z¯ | z ∈ r · y} define a hypermodule
structure on M/ρ over (R,+, ·);
(2) If (H/ρ, ∗,©) is a hypermodule over (R,+, ·), then ρ is regular on M.
We say that ρ is strongly regular on a hyperring (R,+, ·), if ρ is strongly regular with respect to both ‘‘+’’ and ‘‘·’’. The
relation γ ∗ is the smallest strongly relation on R and it is called the fundamental relation in R (see [26]).
Finally, if ρ is strongly regular on the hyperring (R,+, ·), then we say that δ is strongly regular on a hypermodule (M,+, ·)
over (R,+, ·), if δ is strongly regular onM with respect to ‘‘+’’ and if a δ b and rρs, then we have (ra) =δ (sb).
Using strongly regular relations, the corresponding quotient structures are classical. In other words, we obtain the
following theorems.
Theorem 2.3. Let (H, ◦) be a semihypergroup and let ρ be an equivalence relation on H. The following statements hold:
(1) If ρ is strongly regular, then (H/ρ,⊗) is a semigroup;
(2) If (H/ρ,⊗) is a semigroup, then ρ is strongly regular;
(3) If (H, ◦) is a hypergroup, then (H/ρ,⊗) is a group if and only if ρ is strongly regular.
Theorem 2.4. Let (M,+, ·) be a hypermodule over a hyperring R, let δ be an equivalence relation on M and let ρ be a strongly
regular relation on R. The following statements hold:
(1) If ρ is strongly regular on M, then ∀x, y ∈ M and ∀r ∈ R the hyperoperations:
δ(x) ∗ δ(y) = {δ(z) | z ∈ x+ y} and ρ(r)©δ(x) = {δ(z) | z ∈ rx} define a module structure on M/δ over R/ρ;
(2) If (H/δ, ∗,©) is a module over R/ρ , then δ is strongly regular on M.
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The relation ∗ is the smallest strongly regular relation on the hypermodule (M,+, ·) over a hyperring (R,+, ·) and it is
called the fundamental relation (see [26]). Hence, ∗ is the smallest equivalence relation on M , such that M/∗ is a module
over the ring R/γ ∗.
If we denote by U the set of all expressions consisting of finite hyperoperations either on R and M or the external
hyperoperation applied on finite sets of elements of R andM , then we have
x  y⇐⇒ ∃ u ∈ U, such that {x, y} ⊂ U.
∗ is the transitive closure of . In the fundamentalmodule (M/∗, ∗,©) over R/γ ∗, the hyperoperations ∗ and© are defined
as follows:
∀x, y ∈ M and ∀z ∈ ∗(x)+ ∗(y), we have ∗(x) ∗ ∗(y) = ∗(z);
∀r ∈ R, ∀x ∈ M and ∀z ∈ γ ∗(r) · ∗(x), we have γ ∗(r)©∗(x) = ∗(z).
3. Fuzzy hypermodules. Connections between fuzzy hypermodules and hypermodules
The fuzzy semihypergroup notionwas introduced and studied in [11]. In this paper, a little change is done, which consists
in using F∗(S), instead of F(S), as in [11]. The Theorem 3.4 is true only if this condition holds.
Let S be a nonempty set. F∗(S) denotes the set of all nonzero fuzzy subsets of S. A fuzzy hyperoperation on S is a map
◦ : S × S −→ F∗(S), which associates a nonzero fuzzy subset a ◦ bwith any pair (a, b) of elements of S.
The couple (S, ◦) is called a fuzzy hypergroupoid. We say that (S, ◦) is commutative if for all a, b ∈ S, we have a◦b = b◦a.
A fuzzy hypergroupoid (S, ◦) is called a fuzzy semihypergroup if for all a, b, c ∈ S, we have a ◦ (b ◦ c) = (a ◦ b) ◦ c , where
for any µ ∈ F∗(S), we have (a ◦ µ)(r) =∨t∈S((a ◦ t)(r) ∧ µ(t)) and (µ ◦ a)(r) =∨t∈S(µ(t) ∧ (t ◦ a)(r)) for all r ∈ S.
Example 3.1. If we consider the set N∗ of all nonzero natural numbers and for all a, b ∈ N∗ we define the fuzzy set
a ◦ b : N∗ → [0, 1] by (a ◦ b)(t) = min{1/a, 1/b, 1/t}, then (N∗, ◦) is a fuzzy semihypergroup.
If A is a nonempty subset of S and x ∈ S, then for all t ∈ S we have: (x ◦ A)(t) = ∨a∈A(x ◦ a)(t) and (A ◦ x)(t) =∨
a∈A(a ◦ x)(t).
If A is a nonempty subset of S, then we denote the characteristic function of A by χA. If A = S, then for all t ∈ S we have
χS(t) = 1.
A fuzzy semihypergroup (S, ◦) is called a fuzzy hypergroup if for all a ∈ S, we have a ◦ S = S ◦ a = χS . We say that
an element e of (S, ◦) is called identity (scalar identity) if for all r ∈ R, we have (e   r)(r) > 0 and (r   e)(r) > 0 (from
(e   r)(s) > 0 and (r   e)(s) > 0 it follows r = s respectively).
Let µ and λ be two nonzero fuzzy subsets of a fuzzy hypergroupoid (S, ◦). We define (µ ◦ λ)(t) = ∨p,q∈S(µ(p) ∧ (p ◦
q)(t) ∧ λ(q)), for all t ∈ S.
Let us recall now the fuzzy hyperring notion, defined in [12].
Let R be a nonempty set and ,  be two fuzzy hyperoperations on R. The triple (R,, ) is called a fuzzy hyperring if the
following axioms hold:
(1) (R,) is a commutative fuzzy hypergroup;
(2) (R, ) is a fuzzy semihypergroup;
(3) ‘‘ ’’ is distributive over the addition ‘‘’’, i.e., for all a, b, c of Rwe have a  (b c) = (a  b) (a  c) and (a b)  c =
(a   c)  (b   c).
We introduce now the fuzzy hypermodule notion.
Definition 3.1. Let (R,, ) be a fuzzy hyperring. A nonempty set M , endowed with two fuzzy hyperoperations ⊕, is
called a left fuzzy hypermodule over (R,, ) if the following conditions hold:
(1) (M,⊕) is a commutative fuzzy hypergroup;
(2)  : R×M −→ F∗(M) is such that for all a, b ofM and α, β of Rwe have
(i) α  (a⊕ b) = (α  a)⊕ (α  b);
(ii) (α  β) a = (α  a)⊕ (β  a);
(iii) (α   β) a = α  (β  a).
If both (R,) and (M,⊕) have scalar identities, denoted by 0R and 0M , then the fuzzy hypermodule (M,⊕,) also
satisfies the condition:
for all a ofM , we have 0R  a = χ{0M }.
Moreover, if (R, ) has an identity, denoted by 1, then the fuzzy hypermodule (M,⊕,) is called unitary if it satisfies
the condition:
for all a ofM , we have 1 a = χ{a}.
In what follows, we shall consider only left fuzzy hypermodules and we shall simply call them fuzzy hypermodules.
It is time to give some examples of fuzzy hypermodules.
Clearly, any fuzzy hyperring is a fuzzy hypermodule over itself.
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Example 3.2. Let (M,+, ·) be a module over a ring (R,+, ·). We define the following fuzzy hyperoperations:
for all a, b ofM , a⊕ b = χ{a,b},
for all a ofM and r of R, r  a = χ{ra},
for all r, s of R, r  s = χ{r,s} and r   s = χ{rs}.
Then (M,⊕,) is a fuzzy hypermodule over the fuzzy hyperring (R,, ).
Example 3.3. Let (M,+, ·) be a module over a ring (R,+, ·)without unity. We define the following fuzzy hyperoperations:
for all a, b ∈ M, a⊕ b = χ{a,b} and
for all r ∈ R, (r  a)(t) =
{
1/2, if t = ra
0, otherwise
for all r, s of R, r  s = χ{r,s} and r   s = χ{rs}.
Then (M,⊕,) is a fuzzy hypermodule over the fuzzy hyperring (R,, ).
Example 3.4. Let (M,+, ·) be a module over a ring (R,+, ·)without unity. We define the following fuzzy hyperoperations:
for all a, b ∈ M, α ⊕ b = χ{a+b} and
for all r ∈ R, (r  a)(t) =
{
1/2, if t = ra
0, otherwise
for all r, s of R, r  s = χ{r,s} and r   s = χ{rs}.
Then (M,⊕,) is a fuzzy hypermodule over the fuzzy hyperring (R,, ).
In what follows, we consider a first connection between fuzzy hypermodules and hypermodules, using the p-cuts of a
fuzzy set.
Let S be a nonempty set, endowed with a fuzzy hyperoperation ◦ and for all a, b ∈ S, consider the p-cuts (a ◦ b)p = {t ∈
S : (a ◦ b)(t) ≥ p} of a ◦ b, where p ∈ [0, 1].
For all p ∈ [0, 1], we define the following crisp hyperoperation on S : a ◦p b = (a ◦ b)p.
Theorem 3.1. Using the above notations, for all a, b, c, u ∈ S and for all p ∈ [0, 1] the following equivalence holds:
(a ◦ (b ◦ c))(u) ≥ p⇔ u ∈ a ◦p(b ◦p c).
Proof. We have (a ◦ (b ◦ c))(u) =∨t∈S(a ◦ t)(u)∧ (b ◦ c)(t) ≥ p if and only if there exists t0 ∈ S such that (a ◦ t0)(u) ≥ p
and (b ◦ c)(t0) ≥ p, which means that u ∈ a ◦p t0, t0 ∈ b ◦p c. In other words, u ∈ a ◦p(b ◦p c). 
Similarly, we can prove the following results:
Theorem 3.2. For all a, b, c, u ∈ S and for all p ∈ [0, 1] the following equivalence holds:
((a ◦ b) ◦ c)(u) ≥ p⇔ u ∈ (a ◦p b) ◦p c.
Theorem 3.3. Let S be a nonempty set, endowed with two fuzzy hyperoperations ⊕ and ◦. For all p ∈ [0, 1], denote the
corresponding crisp hyperoperations by ⊕p and ◦p. Then for all a, b, c, u ∈ S and for all p ∈ [0, 1] the following equivalences
hold:
• (a ◦ (b⊕ c))(u) ≥ p⇔ u ∈ a ◦p(b⊕p c);
• ((a⊕ b) ◦ c)(u) ≥ p⇔ u ∈ (a⊕p b) ◦p c;
• (a ◦ b⊕ a ◦ c)(u) ≥ p⇔ u ∈ (a ◦p b)⊕p(a ◦p c);
• (b ◦ a⊕ c ◦ a)(u) ≥ p⇔ u ∈ (b ◦p a)⊕p(c ◦p a).
Corollary 3.1. (S, ◦) is a fuzzy semihypergroup if and only if ∀p ∈ [0, 1], (S, ◦p) is a semihypergroup.
Proof. By Theorems 3.1 and 3.2, if (S, ◦) is a fuzzy semihypergroup, then ∀p ∈ [0, 1], (S, ◦p) is a semihypergroup.
Conversely, it is sufficient to notice that if for all A, B, p ∈ [0, 1] we have A ≥ p ⇔ B ≥ p, then A = B. Indeed, if we
suppose A > B, then it would exist p0, such that A > p0 > B, which is a contradiction. 
Theorem 3.4. For all a ∈ S, the following equivalence holds:
a ◦ S = χS ⇔ ∀p ∈ [0, 1], a ◦p S = S.
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Proof. If a ◦ S = χS , then for all t ∈ S and p ∈ [0, 1], we have∨u∈S(a ◦ u)(t) = 1 ≥ p, whence there exists u0 ∈ S such
that (a ◦ u0)(t) ≥ p, which means that t ∈ a ◦p u0. Hence, ∀p ∈ [0, 1], a ◦p S = S. Conversely, for p = 1 we have a ◦1 S = S,
whence for all t ∈ S, there exists u ∈ S, such that t ∈ a ◦1 u, whichmeans that (a◦u)(t) = 1. In other words, a◦S = χS . 
Corollary 3.2. (S, ◦) is a fuzzy hypergroup if and only if ∀p ∈ [0, 1], (S, ◦p) is a hypergroup.
Corollary 3.3. The structure (M,⊕,) is a fuzzy hypermodule over a fuzzy hyperring (R,, ) if and only if ∀p ∈
[0, 1], (M,⊕p,p) is a hypermodule over the hyperring (R,p, p).
Notice that if for all p ∈ [0, 1] the crisp sets (a ◦ b)p are known, then we can uniquely obtain the corresponding fuzzy set
a ◦ b. Indeed, we have (a ◦ b)(u) = p if and only if u ∈ (a ◦ b)p and for all p′ > p, u 6∈ (a ◦ b)p′ .
Now, we consider (M,⊕,) a fuzzy hypermodule over a fuzzy hyperring (R,, ) and we define other new types of
hyperoperations onM , as follows:
∀a, b ∈ M, a+ b = {x ∈ M | (a⊕ b)(x) > 0};
∀α, β ∈ R, α unionmulti β = {γ ∈ R | (α  β)(γ ) > 0};
∀a ∈ M, ∀α ∈ R, α · x = {z ∈ M | (α  x)(z) > 0};
∀α, β ∈ R, α ◦ β = {γ ∈ R | (α   β)(γ ) > 0}.
Connections between fuzzy hyperoperations and the above associated hyperoperations have been considered by Sen,
Ameri andChowdhury in the context of semihypergroups andhypergroups and by Leoreanu-Fotea andDavvaz in the context
of hyperrings.
They have shown that if (M,⊕) is a fuzzy hypergroup, then (M,+) is a hypergroup (see [11]), while if (R,, ) is a fuzzy
hyperring, then (R,unionmulti, ◦) is a hyperring (see [12]).
The next theorem establishes a similar result for hypermodules.
Theorem 3.5. If (M,⊕,) is a fuzzy hypermodule over a fuzzy hyperring (R,, ), then (M,+, ·) is a hypermodule over the
hyperring (R,unionmulti, ◦).
Proof. We have to check the condition (2) of Definition 2.2.
First, for all x, y ∈ M and α ∈ R, we have t ∈ α(x + y) ⇐⇒ ∃ u ∈ x + y : t ∈ αu ⇐⇒ ∃ u ∈ M : (x ⊕ y)(u) > 0 and
(α u)(t) > 0. Hence, if t ∈ α · (x+ y), then [(α x)⊕ (α y)](t) = [α (x⊕ y)](t) =∨p∈M(α p)(t)∧ (x⊕ y)(p) ≥
(α  u)(t) ∧ (x⊕ y)(u) > 0. From here, we obtain∨
p,q∈M
(α  x)(p) ∧ (α  y)(q) ∧ (p⊕ q)(t) > 0,
hence there are p, q ∈ M , such that (α  x)(p) > 0, (α  y)(q) > 0 and (p⊕ q)(t) > 0.
We have p ∈ αx, q ∈ αy, t ∈ p+ q, whence t ∈ αx+ αy.
Similarly, we obtain the converse inclusion and the other identities of Definition 2.2.
Therefore, (M,+, ·) is a hypermodule over the hyperring (R,unionmulti, ◦). 
If we denote by HM the class of all hypermodules and by FHM the class of all fuzzy hypermodules, then we can
consider the map ψ : FHM −→ HM, ψ((M,⊕,)) = (M,+, ·).
On the other hand, if (M,+, ·) is a hypermodule over a hyperring (R,unionmulti, ◦), then we define the following fuzzy
hyperoperations:
∀a, b ∈ M, a⊕ b = χa+b;
∀α, β ∈ R, α  β = χαunionmultiβ;
∀a ∈ M, ∀α ∈ R, α  x = χα·x;
∀α, β ∈ R, α   β = χα◦β .
In [11] it is shown that if (M,+) is a hypergroup, then (M,⊕) is a fuzzy hypergroup, while in [12], it is checked that if
(R,unionmulti, ◦) is a hyperring, then (R,, ) is a fuzzy hyperring.
The next theorem shows that starting with a hypermodule (M,+, ·)we can obtain a fuzzy hypermodule.
Theorem 3.6. If (M,+, ·) is a hypermodule over a hyperring (R,unionmulti, ◦), then (M,⊕,) is a fuzzy hypermodule over a fuzzy
hyperring (R,, ) where the fuzzy hyperoperations⊕,, and   are defined above.
Proof. We have to check the condition (2) of Definition 3.1.
For instance, we show that for all x, y ∈ M and α ∈ R, we have
α  (x⊕ y) = (α  x)⊕ (α  y).
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For all t ∈ M , we have
(α  (x⊕ y))(t) =
∨
r∈M




(χαr(t) ∧ χx+y(r)) =
{
1, if t ∈ α(x+ y)
0, otherwise.
On the other hand,
((α  x)⊕ (α  y))(t) =
∨
p,q∈M




(χαx(p) ∧ χαy(q) ∧ χp+q(t))
=
{
1, if t ∈ αx+ αy
0, otherwise.
Since (M,+, ·) is a hypermodule, we obtain the identity (i) of Definition 3.1.
Similarly, we obtain the other identities of Definition 3.1.
Clearly, if the hyperring R has a unit 1, then the fuzzy hypermodule (M,⊕,) is unitary. Therefore, (M,⊕,) is a fuzzy
hypermodule over the fuzzy hyperring (R,, ). 
Hence, there exists a map ϕ : HM −→ FHM, ϕ((M,+, ·)) = (M,⊕,). It is natural to consider and study
homomorphisms between fuzzy hypermodules.
First, recall that if µ1, µ2 are fuzzy sets onM , then we say that µ1 is smaller than µ2 and we denote µ1 ≤ µ2 if and only
if for all x ∈ M , we have µ1(x) ≤ µ2(x).




µ(r), if f −1(t) 6= ∅,
otherwise we consider (f (µ))(t) = 0.
Definition 3.2. Let (M,⊕1,1) and (M,⊕2,2) be two fuzzy hypermodules over a fuzzy hyperring (R,, ). We say that
f : M1 −→ M2 is a homomorphism of fuzzy hypermodules if for all x, y ofM1 and α of Rwe have:
f (x⊕1 y) ≤ f (x)⊕2 f (y) and
f (α1 x) ≤ α2 f (x).
The next two theorems show a connection between homomorphisms of fuzzy hypermodules and homomorphisms of
hypermodules.
Theorem 3.7. Let (M1,⊕1,1) and (M2,⊕2,2) be fuzzy hypermodules over a fuzzy hyperring (R,, ) and (M1,+1, ·1) =
ψ(M1,⊕1,1), (M2,+2, ·2) = ψ(M2,⊕2,2) be the associated hypermodules over the corresponding hyperring (R,unionmulti, ◦) =
ψ(R,, ). If f : M1 −→ M2 is a homomorphism of fuzzy hypermodules, then f is a homomorphism of hypermodules, too.
Proof. For all x, y ∈ M1 and α ∈ R, we have f (x⊕1 y) ≤ f (x)⊕2 f (y) and f (α1 x) ≤ α2 f (x). If u ∈ α ·1 x, then
(α ·1 x)(u) > 0. Denote v = f (u). We have (f (α1 x))(v) =∨s∈f−1(v)(α1 x)(s) ≥ (α1 x)(u) > 0.
Hence (α2 f (x))(v) > 0 and so v ∈ α ·2 f (x), which means that f (α ·1 x) ⊆ α ·2 f (x). Similarly, we show that
f (x⊕1 y) ⊆ f (x)+2 f (y). 
Theorem 3.8. Let (M,+1, ·1) and (M,+2, ·2) be two hypermodules over a hyperring (R,unionmulti, ◦) and let (M1,⊕1,1) =
ϕ(M1,+1, ·1), (M2,⊕2,2) = ϕ(M2,+2, ·2) be the associated fuzzy hypermodules over the fuzzy hyperring (R,, ) =
ψ(R,unionmulti, ◦). The map f : M1 −→ M2 is a homomorphism of hypermodules if and only if it is a homomorphism of fuzzy
hypermodules.
Proof. ‘‘H⇒’’ Suppose that f is a homomorphism of hypermodules. Let x ∈ M and α ∈ R. For all t ∈ Im f , we have:









1, if f −1(t) ∩ α ·1 x 6= ∅
0, otherwise =
{
1, if t ∈ f (α ·1 x)
0, otherwise
= χf (α ·1 x)(t) ≤ χα ·2 f (x)(t) = α2 f (x)(t).
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If t 6∈ Im f , then (f (α1 x))(t) = 0 ≤ (α2 f (x))(t). Hence, f (α1 x) ≤ α2 f (x).
Similarly, it follows that for all x, y ∈ M1, we have f (x⊕1 y) ≤ f (x)⊕2 f (y).
‘‘⇐H’’ Now, suppose that f is a homomorphism of fuzzy hypermodules. Let x, y ∈ M1 and α ∈ R. We have f (x⊕1 y) ≤
f (x)⊕2 f (y) and f (α1 x) ≤ α2 f (x), whence χf (x+1 y) ≤ χf (x)+1 f (y) and χf (α ·1 x) ≤ χα ·2 f (x). This means that for all
x, y ∈ M1 and α ∈ Rwe have f (x+1 y) ⊆ f (x)+2 f (y) and f (α ·1 x) ⊆ α ·2 f (x). 
In what follows, we define the algebraic subhyperstructures of fuzzy hypermodules and the quotient fuzzy
hypermodules.
Definition 3.3. Let (M,⊕,) be a fuzzy hypermodule over a fuzzy hyperring (R,, ). A nonempty subsetM ′ ofM is called
a subfuzzy hypermodule if for all x, y ofM ′ and α of R, the following conditions hold:
(1) (x⊕ y)(t) > 0, then t ∈ M ′;
(2) x⊕M ′ = χM ′;
(3) if (α  x)(t) > 0, then t ∈ M ′.
The following theorem establishes a connection between subfuzzy hypermodules of a fuzzy hypermodule and
subhypermodules of the corresponding hypermodule.
Theorem 3.9. (i) If (M ′,⊕,) is a subfuzzy hypermodule of (M,⊕,) over (R,, ), then (M ′,+, ·) = ψ(M ′,⊕,) is a
submodule of (M,+, ·) = ψ(M,⊕,) over (R,unionmulti, ◦) = ψ(R,, );
(ii) (M ′,+, ·) is a submodule of (M,+, ·) over (R,unionmulti, ◦) if and only if
(M ′,⊕,) = ϕ(M ′,+, ·) is a subfuzzy hypermodule of (M,⊕,) = ϕ(M,+, ·) over (R,, ) = ϕ(R,unionmulti, ◦).
4. Fuzzy regular relations and fuzzy quotient hypermodules
In this paragraph we introduce fuzzy regular relations and fuzzy strongly regular relations on fuzzy hypermodules,
in order to construct fuzzy quotient hypermodules. In particular, we shall analyze the fundamental relations on fuzzy
hypermodules.
Let ρ be an equivalence relation on a fuzzy hypergroupoid (S, ◦) and letµ, ν be two fuzzy subsets on S. We say thatµρν
if the following two conditions hold:
(1) if µ(a) > 0, then there exists b ∈ S, such that ν(b) > 0 and aρb;
(2) if ν(x) > 0, then there exists y ∈ S, such that µ(y) > 0 and xρy.
In [11] are introduced the fuzzy regular relations on fuzzy semihypergroups, as follows:
An equivalence relation ρ on a fuzzy semihypergroup (S, ◦) is called a fuzzy regular relation (or a fuzzy hypercongruence)
on (S, ◦) if, for all a, b, c ∈ S, the following implication holds:
aρb H⇒ (a ◦ c)ρ(b ◦ c) and (c ◦ a)ρ(c ◦ b).
Clearly, the condition is equivalent to
aρa′, bρb′ implies (a ◦ b)ρ(a′ ◦ b′), for all a, b, a′, b′ of S.
We shall introduce the fuzzy regular relations on fuzzy hypermodules, as follows:
Definition 4.1. An equivalence relation ρ on a fuzzy hypermodule (M,⊕,) over a fuzzy hyperring (R,, ) is called
a fuzzy regular relation on (M,⊕,) if it is a fuzzy regular relation on (M,⊕) and for all x, y ∈ M , for all α ∈ R, the
following implication holds: xρy H⇒ (α  x)ρ(α  y).
Let (M,⊕,) be a fuzzy hypermodule over a fuzzy hyperring (R,, ) and let (M,+, ·) = ψ(M,⊕,) be the associated
hypermodule over the hyperring (R,unionmulti, ◦) = ψ(R,, ).
In what follows, we shall see a connection between fuzzy regular relations on fuzzy hypermodules and regular relations
on corresponding hypermodules.
Theorem 4.1. An equivalence relation ρ is a fuzzy regular relation on (M,⊕,) over a fuzzy hyperring (R,, ) if and only if
ρ is a regular relation on (M,+, ·) over the hyperring (R,unionmulti, ◦).
Proof. Set xρy and x′ρy′, where x, x′, y, y′ ∈ M . We have (x⊕ x′)ρ(y⊕ y′) if and only if the following conditions hold:
• if (x⊕ x′)(u) > 0, then there exists v ∈ M , such that (y⊕ y′)(v) > 0 and uρv;
• if (y⊕ y′)(t) > 0, then there existsw ∈ M , such that (x⊕ x′)(w) > 0 and tρw.
These are equivalent to:
• if u ∈ x+ x′, then there exists v ∈ y+ y′, such that uρv;
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• if t ∈ y+ y′, then there existsw ∈ x+ x′, such that tρw;
which mean that (x+ x′)ρ¯(y+ y′). Hence ρ is fuzzy regular on (M,⊕) if and only if ρ is regular on (M,+).
On the other hand, let us consider xρy and α ∈ R. We have (α  x)ρ(α  y) if and only if the next conditions hold:
• if (α  x)(u) > 0, then there exists v ∈ M , such that (α  y)(v) > 0 and uρv;
• if (α  y)(t) > 0, then there existsw ∈ M , such that (α  x)(w) > 0 and tρw.
These are equivalent to:
• if u ∈ αx, then there exists v ∈ αy, such that uρv;
• if t ∈ αy, then there existsw ∈ αx, such that tρw;
which mean that (αx)ρ(αy). We can conclude that ρ is a fuzzy regular relation on (M,⊕,) if and only if ρ is a regular
relation on (M,+, ·). 
The fuzzy strongly regular relations on fuzzy hypermodules over fuzzy hyperrings are introduced in order to obtain fuzzy
quotient modules, instead of fuzzy quotient hypermodules.
An equivalence relation ρ on a fuzzy semihypergroup (S, ◦) is called a fuzzy strongly regular relation on (S, ◦) if, for all
a, a′, b, b′ of S, such that aρb and a′ρb′, the following condition holds:
for all x ∈ S, such that (a ◦ c)(x) > 0 and for all y ∈ S, such that (b ◦ d)(y) > 0, we have xρy. An equivalence relation ρ on
a fuzzy hyperring (R,+, ·) is called a fuzzy strongly regular relation on (R,+, ·) if it is a fuzzy strongly regular relation both
on (R,+) and on (R, ·).
Definition 4.2. Let ρ be a fuzzy strongly regular relation on a fuzzy hyperring (R,+, ·). An equivalence relation δ on a fuzzy
hypermodule (M,⊕,) over a fuzzy hyperring (R,+, ·) is called a fuzzy strongly regular relation on (M,⊕,) if it is a fuzzy
strongly regular relation on (M,⊕) and if xδy and rρs, then the next condition holds:
for all u ∈ M , such that (r  x)(u) > 0 and for all v ∈ M , such that (s y)(v) > 0, we have uρv.
Let (M,⊕,) be a fuzzy hypermodule over a fuzzy hyperring (R,, ) and let (M,+, ·) = ψ(M,⊕,) be the associated
hypermodule over the corresponding hyperring (R,unionmulti, ◦). If ρ is a fuzzy strongly regular relation on the fuzzy hyperring
(R,, ), then we obtain that:
Theorem 4.2. An equivalence relation δ is a fuzzy strongly regular relation on (M,⊕,) if and only if δ is a strongly regular
relation on (M,+, ·).
Proof. Set xδy and x′δy′, where x, x′, y, y′ ∈ M and set rρs, where r, s ∈ R. The relation δ is strongly regular on (M,⊕,)
if and only if the following conditions are satisfied:
• ∀u ∈ R, such that (x⊕ x′)(u) > 0 and ∀v ∈ M , such that (y⊕ y′)(v) > 0, we have uδv;
• ∀t ∈ M , such that (r  x)(t) > 0 and ∀w ∈ M , such that (s y)(w) > 0, we have tδw.
These conditions are equivalent to the following ones:
• ∀u ∈ M , such that u ∈ x+ x′ and ∀v ∈ M , such that v ∈ y+ y′, we have uδv;
• ∀t ∈ M , such that t ∈ rx and ∀w ∈ M , such thatw ∈ sy, we have tδw,
whichmean that (x+x′) =δ(y+y′) and (rx) =δ(sy). Hence δ is fuzzy strongly regular on (M,⊕,) if and only if ρ is strongly
regular on (M,+, ·).
Now, let δ be an equivalence relation, which is fuzzy regular on the fuzzy hypermodule (M,⊕,) over a fuzzy hyperring
(R,, ) and let ρ be a fuzzy strongly regular relation on the fuzzy hyperring (R,, ).
We consider the following hyperoperations on the quotient setM/δ :
x¯ ∗ y¯ = {z¯ | z ∈ x+ y} = {z¯ | (x⊕ y)(z) > 0}
r¯© x¯ = {z¯ | z ∈ r · x} = {z¯ | (r  x)(z) > 0}.
According to Theorems 2.2, 2.4 and 3.5 we obtain:
Theorem 4.3. Let (M,⊕,) be a fuzzy hypermodule over a fuzzy hyperring (R,, ) and let (M,+, ·) = ψ(M,⊕,) be the
associated hypermodule over the corresponding hyperring (R,unionmulti, ◦). Then we have:
(i) The relation δ is a fuzzy regular relation on (M,⊕,) if and only if (M/δ, ∗,©) is a hypermodule over (R,unionmulti, ◦).
(ii) The relation δ is a fuzzy strongly regular relation on (M,⊕,) over (R,, ) if and only if (M/δ, ∗,©) is a module over
R/ρ .
If we denote byU the set of all expressions consisting of finite fuzzy hyperoperations either on R andM or the external
fuzzy hyperoperation applied on finite sets of elements of R andM , then we have
xy⇐⇒ ∃ u ∈ U : {x, y} ⊂ u.
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Definition 4.3. An equivalence relation ∗ is called the fundamental relation on a fuzzy hypermodule (M,⊕,) over a fuzzy
hyperring (R,, ) if ∗ is the fundamental relation on the associated hypermodule (M,+, ·) = ψ(M,⊕,) over the
hyperring (R,unionmulti, ◦) = ψ(R,, ).
Hence, ∗ is the fundamental relation on a fuzzy hypermodule (M,⊕,) if and only if ∗ is the smallest fuzzy strongly
equivalence relation on (M,⊕,).
Denote by UF the set of all expressions consisting of finite fuzzy hyperoperations either on R and M or the external
fuzzy hyperoperation applied on finite sets of elements of R andM .
We obtain xy⇐⇒ µf ∈ UF such that µf (x) > 0 and µf (y) > 0.
5. Conclusion
The study of fuzzy hyperoperations was initiated by Corsini and Tofan [7] and continued by others, especially in
connection with an important hyperstructure, called join space [8–10]. In this paper we extend the results obtained by
Sen, Ameri and Chowdhury about fuzzy semihypergroups (see [11]) to the context of fuzzy hypermodules. Our main goal
is to establish and study some connections between the class of fuzzy hypermodules and the class of crisp hypermodules.
We also analyze fuzzy homomorphisms, substructures of fuzzy hypermodules and fuzzy (strongly) regular relations on a
fuzzy hypermodule, in particular the fundamental relation is analyzed to this context. Our future work on this topic will be
focused on the study of fuzzy n-ary hyperstructures.
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